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Applying the chain formation model to magnetic properties of aggregated ferrofluids
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The magnetization properties of aggregated ferrofluids are calculated by combining the chain formation
model developed by Zubarev with the modified mean-field theory. Using moderate assumptions for the inter-
and intrachain interactions we obtain expressions for the magnetization and initial susceptibility. When com-
paring the results of our theory to molecular dynamics simulations of the same model we find that at large
dipolar couplings X>3) the chain formation model appears to give better predictions than other analytical
approaches. This supports the idea that chain formation is an important structural ingredient of strongly
interacting dipolar particles.
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[. INTRODUCTION kgT. The initial magnetic susceptibility, is called the
Langevin susceptibility and is given by
Ferrofluids(dipolar magnetic fluidsare colloidal suspen-
sions of ferromagnetic particles of about 10 nm diameter xL=nm?/3kgT=2\ @/ 7. 2
dispersed in a carrier liquifil] that are usually stabilized
against agglomeration by coating particles with long-chairHere ¢=7nd®6 is the volume fraction of the ferrofluid,
molecules (sterically or decorating them with charged with d being the particle diameter, and=m?/d%kgT is the
groups(electrostatically. The small size of the particles fa- dipole-dipole interaction parameter which is the ratio of the
vors magnetic monodomains with a magnetic moment prointeraction energyn®/d® and the thermal energy of two fer-
portional to the volume of the magnetic core. As a result, thgoparticle magnetic moments at contact. The Langevin sus-
particles interact with each other through the long-range anceptibility represents an effective measure of the dipole-
isotropic dipole-dipole potential as well as through short-dipole interaction for dilute solutions.
range symmetric potentials, such as the steric repulsion, the However, experimentg3] and computer simulations
electrostatic repulsion, and the van der Waals attraction. Thgt—6] with concentrated ferrofluids reveal an essential devia-
study of the magnetization properties and the structure are @fon from the Langevin formulas. The initial susceptibility
importance for our fundamental understanding and for potenincreases faster than expected according to linear depen-
tial applications of ferrofluids. dencey, ~¢ of Eq. (2). It is clear that this deviation is
The evaluation of magnetic characteristics of homogeprimarily due to the interparticle interactions. A number of
neous ferrofluids faces often the well-known problem of howtheoretical models have been developed to adequately treat
to adequately account for the interparticle dipole-dipole in-the dipole-dipole interactions for the evaluation of the mag-
teraction. The latter is most difficult to treat in concentratednetic properties. Here we present an application of the chain
systems since there the mutual correlations of positions anrmation mode[7] to strongly interacting ferrofluids, where
orientations of the magnetic moments of the ferroparticlesve look at the magnetic properties and the chain properties.
are particularly strong. The physical properties of dilute fer-we compare the predictions of the chain formation model
rofluids with small magnetic moments are well described inwith molecular dynamics simulations for a variety of test
the framework of the one-particle modé], which treats a ¢ases.
ferrofluid as an ideal paramagnetic gas of particles, sus- The paper is organized as follows. First we review various
pended in a liquid carrier. The equilibrium magnetization cantheoretical approaches that have been developed for concen-
be written by applying the Langevin functidrn(e) =cotha  trated ferrofluids. Then we review the chain formation model
—1/a as [7]. Section IV is devoted to the simulation model used. In
Sec. V we present the results and comparisons, and we end in
M, =nmL(a), (1) Sec. VI with our conclusion.

. . . . L II. BEYOND THE LANGEVIN MODEL
wheren is the particle concentratiom is the particle’s mag-

netic moment, andve=mH/kgT is the Langevin parameter, A number of theoretical models allow the evaluation of

the ratio of the field interactiomH and the thermal energy magnetic properties by taking into account the dipole-dipole
interactions in various effective ways. These are different
variants of the mean-fiell8—11], the mean-sphericdll2—
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equivalent to some increase in the intensity of an externadlense ferrofluids with a magnetic volume concentration
magnetic field, with the amount of its contribution being pro-larger than 15—18 %, or ferrofluids with a large valuexof
portional to the magnetizatidv of the ferrofluid. The effec- this is insufficient. The temperature dependencies of the ini-
tive field acting on a single-domain particle is expressed asial susceptibility of these systems show large deviations
H.=H+ kM. The mean-field constant is generally assumed3,19] between the theoretical predictions and the experi-
to be equal to the Lorentz value=4m/3. In this caseH, = mental data. At low temperatures the moddl$,13,13 un-
coincides with a field intensity in the spherical cavity formed derestimate the values of the initial susceptibility by 15—
by a particle in a liquid, provided that the cavity itself exerts 20 %. It is clear that this deviation is due to the dipole-dipole
no effect on the state of the neighboring particles. Thus, thignteractions in concentrated magnetic fluids.

model yields the Curie-Weiss law for the initial susceptibility A further extension of the theory for the case of dense
x=x./(1—kx.). The Weiss model predicts a magnetic ferrofluids is based on second-order perturbation methods
phase transition into a magneto-ordered liquid state; at thgl7,18. Both approaches give the same expression for the
transition point the initial susceptibility becomes infinite, thatinitial magnetic susceptibility in the form of an expansion
is, x— wheny,— 3/4sr. But a paramagnetic to ferromag- like (3), but include the next term of the higher order over
netic second order phase transition is never observed in flyg, :

idlike magnetic systems, and hence the validity of the Weiss

mean-field theory appears to be questionable. 4 (4m?*

The mean-field Onsager modg] is based on the as- X=xu| 1 Zxot g xd @
sumption that the cavity formed by a particle in a ferrofluid
influences the orientation of the magnetic moments of the This expression describes well the initial susceptibility
neighboring particles. The initial susceptibility remains finite temperature dependence for ferrofluids with a maximum al-
for any finite temperature and concentration, but experimenlowable magnetic volume concentratien18% [18] at low
tal and computer studies have shown that the Onsager mod@mperatures (#x~60-80). The ferrofluid magnetization
greatly underestimates the values of the initial susceptibilitys obtained in a form of a complicated series over different
of concentrated ferrofluid&s well as the dielectric constant combinations of the Langevin magnetization. In H&8] it
of polar fluid9 [3,15,19-21. was shown that the ferrofluid magnetization should be pre-

Attempts to use the mean-spherical mddd,14 and the  sented by using the “modified mean-field approa¢®y, and
first order thermodynamic perturbation methdd5,16 the mean fielH, for dense systems can be written as
proved far more successful. These models are appropriate to
describe experimental data on magnetostatic properties of
real magnetic fluids. These models yield similar results and
are valid for ferrofluids with low or moderate volume con-
centrations of magnetic cores10-12 % under the presence M=nmL(e), ae=mH./kgT.
of an arbitrary valued uniform magnetic field.

The most precise description of the magnetization curves Thjs expression describes very accurately the magnetiza-
of moderately concentrated ferrofluids is given by the so+ion curves of dense ferrofluids with a saturation magnetiza-
called “modified mean-field modelf11]. This approach is tion of about 80-90 kA/m and allows us to obtain the
based on the assumption that the effective field acting on particle size distribution with the help of a magnetogranulo-
ferroparticle is proportional to the Langevin magnetizationmetric analysig18].

My, thatis,He=H+ (47/3)M: Naturally, for low and moderately concentrated ferrofluids
the expression$3)—(5) give very close results, and devia-
H+ Af—WML(H)} tions appear only for_higher concentrations or for ferrofluids
3 ' containing large particles.
3 The above theoretical models are in principle based on the
assumption of homogeneous distribution of the particle po-
1+ 4_77 ) sitions. However, when the average size of the particles is
3 AL large or the temperature is low, the dipole-dipole interaction
energy between particles is considerably larger than the ther-

The resulting expressions for the initial susceptibility andmal energy, i.e.A>1. The particles can aggregate to form
for the magnetization under saturation conditions coincideclusters or chains due to the dipolar interactions. Simulations
with the predictions of the thermodynamic perturbationhave shown that the aggregation of the particles can strongly
model[15,16]. But the “modified mean-field model” gives a affect the magnetization behavior of the systg®$]. This
more accurate description of the magnetization curves undes clearly demonstrated in Fig. 1 which shows the magneti-
arbitrary applied external field strengths. zation curves of the systems with fixed Langevin susceptibil-

All the last mentioned models are valid in those casesty 4y, =1.256. The dipolar coupling parameteris var-
when the intensity of the interparticle dipole-dipole interac-ied from 1 to 5. Correspondingly, the volume fraction of the
tion does not grow much more strongly than the thermabarticles is decreased frog=0.157 to 0.031. Fox=1 and
energykgT. This means that the dipole-dipole interaction 2, the simulation results agree with the theoretical predic-
parametei has the order of unity or less, thatNss1. For  tions[Egs. (3) and (5)] very well. But deviation occurs at

B 4 (477)2 dM_(H)
He=H+ M (H)+ — M (H) — . (5

M=M (Hg)=nmlL(ae), ae

“keT

X~ XL
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M - gyv -
Q8- F=keTY adn| |, X ak=¢lv,  (6)
i o O B H T k=1 e/’ k=1
0.8 o o e _
O g o where ¢ stands as usual for the volume fraction of the fer-
06- <><>|:| o roparticlesp is the particle volume, and, has the meaning
' <o of ak-particle chain partition function. We restrict our model
ax . to account only for the magnetic interaction between the
04f, = X A= nearest neighboring particles in each chain. Accordingly, the
o + =2 partition function can be simply expressed as
0O A=3
0.2 £ o =4 Zy=exd(k—1)e], (7)
J O =5
wheree has the meaning of the dimensionless effective en-
0 5 2 p - ergy of an interparticle bond at zero magnetic field. Its value

depends on the definition of a chain. The simplest way is to
FIG. 1. Simulational results on the equilibrium magnetization asuse Jordan’s expressi¢a2]
a function of the Langevin parameter for five dipolar coupling

parameters.=1, ... ,5, at the samealue of the Langevin param- exp(2\)
eter 4y =1.256. The dashed curve gives the prediction of (&j. e=In —3 | (8)
and the solid curve gives the prediction of E8). Note that Eq(5) 3\

would visually give basically the same result as R&). ) o .
To find the minimum of the free energy functional under

) ) ] the condition(6) one includes the constraint via a Lagrange
A=3 when the particles begin to aggregate with each othegyytiplier 1, and considers the functiondi:

This effect is more evident at weak fields. It consequently
results in higher values of the initial susceptibilify as
shown in Fig. 2. However, the influence of particle aggrega-
tions can be well considered in theoretical calculations by
employing the chain formation model. In the following sec-
tions we will calculate the magnetic properties of different
ferrofluid systems within this model and compare them with
simulation results.

PLg]=F[g]+ 1

= ¢
> gk— —)
= v

- gkv
=kgT In| —

+,uk} +const. 9
The chain distributiorg, is obtained by extremizing[ gy]

IIl. THE CHAIN FORMATION MODEL (ycp[gk]/(ygk:o:gk:%exq_s)pk, k=123....

The chain formation model was developed in Réf], (10)
assuming that the system free enefgig a functional on the
concentrationg, of chains containing particles under the

mass balance condition:

Here p=exp—u)<1 is the probability of establishing an
interparticle bond. The Lagrange multiplier(andp as wel)

is determined in the usual way by substitutigg into the
mass balance conditio(®).
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When studying the magnetic properties of the aggregated
ferrofluid we face the problem of chain orientation in an
external magnetic field. Since we do not know any reliable
theoretical result that describes the ferrofluid chain formation
in the presence of a magnetic field, the following procedures
are adopted.

(1) We study an intensively interacting monodisperse fer-
roparticle system with large coupling=3-5. In this case
we can assume that the neighboring particle magnetic mo-
ments in each chain are highly correlaistifflike rotation.

This means that the orientation of edeparticle chain to an
external field direction is governed by a chain magnetic mo-
ment Mgp.in=km, wherem is the magnetic moment of a
single ferroparticle.

FIG. 2. Simulational results on the initial susceptibiligyas a (2) We study only the orientation of the chains formed in
function of the Langevin susceptibility for five dipolar coupling the absence of an external field; hence we do not take into

parameters.=1, ...,5. Thedashed curve gives the prediction of account any changes in the chain distribution due to an ap-
Eqg. (4) and the solid curve gives the prediction of E8g). plied field.
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(3) To develop an adequate model of the magnetic prop-
erties of aggregated ferrofluids, one needs to take into ac-
count the dipole-dipole interaction between all pairs of fer-
roparticles. Here we use the “modified mean-field model”
(3). Since the magnetic interactions between all nearest
neighboring particles in all chains are taken into account
exactly (6)—(8), we have to exclude from the effective field
H. the number of these bonds, which is equal to

. e B
2, (kDo 2 o v(l(k>

In this way a dimensionless effective magnetic fielg
[Eg. (3)] acts on each chain and depends on the Langevin FIG. 3. The average chain length) as a function of ferrofluid

parametery, the Langevin susceptibility, , and the mean concentrationy as predicted by the chain formation model. The
chain length(k): curves 1,2,3 correspond to valuesxof 3,4,5, respectively.

0 0.05 ¢

=a+4my L(a)/{K). (11  dipolar systems to evaluate E4.3) effectively. This means
that the applied external magnetic field coincides exactly
What is the motivation to introduce into the model anwith the internal field. In all the simulations the root mean
effective fieldH, instead of an external ortg? In the lim-  square(rms) absolute errors in the dipolar forces are fixed to
iting case of no chains present one can easily get the wel F9P<10 *m?/d*. The corresponding optimal values of
known expression for the free energy from the mo@*+  the Ewald parameters are then determined from the theoret-

(10): ical estimates of the cutoff errors in the Ewald summation
i derived in a previous pap¢R3].
Fo _ kaT n sinha, (12) The short-range interactions between the particles are rep-
v Qe resented by the purely repulsive Lennard-Jones potential

which coincides with the prediction of the “modified mean- L ( d
field model.” We also know that the mod€3) describes very Ui=4e o
accurately the experimental and numerical data for ferroflu- N
ids containing weakly and moderately interacting ferroparwhere C(R,)=(d/R.)**— (d/R.)® with a cutoff radius of
ticles \~1-2). If we used an external field under sucha R.=2Y%d. In this way the particles have a purely repulsive
limitation, we would obtain simply the free energy of an interaction force which smoothly decays to zerdRat The

ideal paramagnetic gas, and this approximation is valid onlyranslational and rotational Langevin equations of motion of
for very dilute and weakly interacting ferrofluids. particlei are given by[5,6]

12 6
—(i) —C(Ro) |, (14)

rij

IV. SIMULATION MODEL Myvi=F—Tqvi+ &, (15

The molecular dynamics simulation method is similar to
the Langevin dynamics implementation described in previ-
ous work[5]. The ferrofluid systems are supposed to be com-
posed ofN spherical particles of diameterdistributed in a
cubic simulation box of side length. Each particle has a
permanent point dipole moment; at its center. Using peri-
odic boundary conditions in all spatial directions, the dipole-
dipole interaction potential between particlesndj is given

by

|i‘¢.0i:7'i_FRwi+§$: (16)

where M, and |; are the mass and inertia tensors of the
particle.I't and FR are the translational and rotational fric-
tion constants, respectivelg’ and £* are the Gaussian ran-
dom force and torque. The variables can be given in dimen-
sionless form as length*=r/d, dipole momentm*?
m?/ed®, moment of inertial*=1/(Md?), time t*
=t(e/Md?)2, friction constantsI'} =T'1(d%/ Me)Y? and
I'E=Tr/(Md%€)Y2, magnetic fieldH* =H(d* )2 as well
as temperaturé* =kgT/e. The simulations were performed
nezs | Ir +nL[® at constant temperatur€ =1. A reduced time step\t*
=0.002 was employed in all simulations. The runs were
_30my- (i + L) J[my - (rjj +nb)] (13  Started from initiaﬁ)cgnfigurations with random particle posi-
|rij+nL|® ’ tions and dipole moment orientations. For each case, the sys-
tem was at first equilibrated for a dimensionless time of at
wherer;;=r;—r; is the displacement vector of the two par- leastt* =100. The magnetization and structural properties
ticles. The sum extends over all simple cubic lattice pointavere then calculated from the data for another period of at
n=(ny,ny,n;) with n,,n,,n, integers. In this work, we use leastt* =400, depending on the values ®f Error bars for
the Ewald summation with metallic boundary conditions forthe simulation results were determined by dividing the simu-

dip_ ! ]
Ui; —_—
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FIG. 4. The average chain lengf, as a function of ferrofluid M-M,
concentrationy as obtained by the simulations for values of the Oodpooo
coupling parametek =1-5. 03l °I,---~,Q
% To0
lation runs into blocks and calculating an estimate for the o oo o~
standard deviation of the me24]. o2 ! oo TS
The initial susceptibilityy is determined by the linear ?p“x.-"""'---..___ff-mﬁ,,__.mo‘\é\_‘.
magnetization respondd = yH at field strengthH—0. In i oood ° o o -, g, O
simulations the values of were obtained by calculating the 0.1 ":,'c.;b° 2 o "g---u.
equilibrium magnetizatiom for a series of weak fieldsl
starting from 0 and then performing a linear fitting to the . . . b
M(H) curves[5,6]. The structures formed in the systems 0 1 2 3 a

were analyzed by employing an energy criterion. Two par-
ticles are considered to be bound if their dipolar potential
energy is less than a predetermined vallg .=
—1.5\kgT. The average cluster size is defined by

FIG. 6. (a) The relative magnetizatiol /M, versus Langevin

parameteir as obtained from simulations at the same value of the

Langevin susceptibility 4y, = 1.256 for values of the dipolar cou-

pling A=3,4,5. The solid curve is the universal prediction from Eq.

(5), which depends only on the Langevin susceptibility. The other

_ curves are the corresponding predictions from the chain formation
Sav <2 snslz n5> ' (17 model.(b) This curve shows the same data, where for more clarity
we plot (M —M )/ Mgg;.

vv_here ng is the number of clugters having sizseand. the V. COMPARING THE CHAIN FORMATION MODEL

triangular brackets denote the time average, or, equivalently, TO SIMULATIONAL DATA

the average over the configuration space.

We start out by computing the mean chain length as a
function of the ferroparticle concentration at zero external
field for the values\ = 3,4,5(see Fig. 3. It should be pointed
out that the system at these parameters is still weakly aggre-
gated and that the majority of ferroparticles are monomeric
at zero field, even foh=5. However, an increase in the
magnetic field strength will have the result that the mean
chain length increases. The simulational data of the system at
the same values of the parameters show qualitatively the
same behavior as the chain formation the@se Fig. 4. It is
notable that at larger ferrofluid concentrations the simula-
tions show a saturation in chain length, whereas the chain
formation model still predicts an increase in mean chain
length. However, at smaller concentrations, even the quanti-
tative agreement is surprisingly good in light of the severe

0 0.02 0.04 ¢ approximations made.
FIG. 5. The initial susceptibility as a function of ferrofluid con- Next we look at the relative magnetization that, according

centratione as obtained from the simulations far=3,4,5. The (O the definition, one can obtain as a superposition of Lange-
solid curves 1,2,3 correspond to the predictions of the chain formaYin functions for different chain structures:

tion model for a value ok =3,4,5, respectively. The dashed curve 1.

represents the modified mean-field model prediction for the case M = ; kzl kgL (k). (18)

4my,

10

A=5.
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In the limiting case of no chains present this expression takesean-field” model at large values af The very good quan-
the form(3) and describes well the magnetization curves fortitative agreement can be particularly well seen in the lower

low and moderately concentrated ferrofluids. part of Fig. 6 where for clarity we plotM — M )/Mg_;.
Assuming the expansion of the magnetizatid®) in a

weak field limit with the accuracy of terms linear in it is VI. CONCLUSION

easy to get the expression for initial magnetic susceptibility

We have presented an extension of the chain formation

X model as developed in Réf7]. We used an approximation of
Ay, by, & > the stiff rodlike orientational chain response to a magnetic
Amy= 1+ > gk> > k%g,. (190 field that leads to very simple and physically clear expres-
¢ 3¢ =1 k=1 sions for magnetization and initial magnetic susceptibility. In

. C}rder to adequately include the dipolar interactions of the
Due to the presence of the last summation a small number of . . u o . o
chains we applied the “modified mean-field model” in a

chains can greatly influence the value of initial susceptibility.Strai htforward wav. Our model reduces for weak counhn
The concentration dependence of the initial susceptibility,[0 thge modified mgén field mod11], includin howe[\)/erg
(19 is presented in Fig. 5 for various values of coupling : " 9, ’
: . : at large coupling the effects of chain formation. When we
parametern and compared with the simulation data. For - ; :
_ . compare the predictions of the chain formation model to mo-
moderate values of=1-2 Eq.(19) reduces basically to the . ; . .
o ' - . lecular dynamics simulations of the same model, we find that
modified mean-field result shown in Fig. 2. But for suffi- . . . }
the formation of short chains starts at a dipolar couphing

ciently _Iarge cou,!olmg parameteka—S the mOd'f'(.ad =3. The chains appear to be very important for a better
mean-field model” greatly underestimates the magnetic sus-

ceptibility (Fig. 2). As far as the chain model is concerned aunderstandir}g of the magngtic. properties since our chain
good quantitative agreement with the simulation data is bb_modgl_Qesqr|be§ the magnetization, as well as the |n|t|r.:1I. Sus-
ceptibility, in this regime much better than the “modified

tained for a diluted system, and with increasing particle con- ean-field model.” which is based on a homoaeneous distri-
centration some overestimation occurs. Naturally, this is nof . . 9
ution of ferroparticles.

surprising since we overestimated the correlations in the
magnetic moment orientations by assuming complete align-
ment. The presence of some uncorrelated magnetic moment
orientations to the external field direction will lower the sus- We thank K. Kremer for the hospitality granted to A.
ceptibility. Ivanov during his stay at the MPI-P, Mainz. Financial sup-
The same approximations were used for the calculation oport from the DFG under Grant No. HO 1108/8-2, from the
the magnetization shown in Fig. 6 and compared to the simuRFBR under Grants No. DFG 03-02-04001 and No. 04-02-
lational data. Again we find that the chain formation model16078, and from the INTAS under Grant No. 03-51-6064 is
describes the numerical data much better than the “modifiegreatly appreciated.
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