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Applying the chain formation model to magnetic properties of aggregated ferrofluids
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The magnetization properties of aggregated ferrofluids are calculated by combining the chain formation
model developed by Zubarev with the modified mean-field theory. Using moderate assumptions for the inter-
and intrachain interactions we obtain expressions for the magnetization and initial susceptibility. When com-
paring the results of our theory to molecular dynamics simulations of the same model we find that at large
dipolar couplings (l.3) the chain formation model appears to give better predictions than other analytical
approaches. This supports the idea that chain formation is an important structural ingredient of strongly
interacting dipolar particles.
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I. INTRODUCTION

Ferrofluids~dipolar magnetic fluids! are colloidal suspen
sions of ferromagnetic particles of about 10 nm diame
dispersed in a carrier liquid@1# that are usually stabilized
against agglomeration by coating particles with long-ch
molecules ~sterically! or decorating them with charge
groups~electrostatically!. The small size of the particles fa
vors magnetic monodomains with a magnetic moment p
portional to the volume of the magnetic core. As a result,
particles interact with each other through the long-range
isotropic dipole-dipole potential as well as through sho
range symmetric potentials, such as the steric repulsion
electrostatic repulsion, and the van der Waals attraction.
study of the magnetization properties and the structure ar
importance for our fundamental understanding and for po
tial applications of ferrofluids.

The evaluation of magnetic characteristics of homo
neous ferrofluids faces often the well-known problem of h
to adequately account for the interparticle dipole-dipole
teraction. The latter is most difficult to treat in concentrat
systems since there the mutual correlations of positions
orientations of the magnetic moments of the ferropartic
are particularly strong. The physical properties of dilute f
rofluids with small magnetic moments are well described
the framework of the one-particle model@2#, which treats a
ferrofluid as an ideal paramagnetic gas of particles, s
pended in a liquid carrier. The equilibrium magnetization c
be written by applying the Langevin functionL(a)5cotha
21/a as

ML5nmL~a!, ~1!

wheren is the particle concentration,m is the particle’s mag-
netic moment, anda5mH/kBT is the Langevin paramete
the ratio of the field interactionmH and the thermal energ
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kBT. The initial magnetic susceptibilityxL is called the
Langevin susceptibility and is given by

xL5nm2/3kBT52lw/p. ~2!

Here w5pnd3/6 is the volume fraction of the ferrofluid
with d being the particle diameter, andl5m2/d3kBT is the
dipole-dipole interaction parameter which is the ratio of t
interaction energym2/d3 and the thermal energy of two fer
roparticle magnetic moments at contact. The Langevin s
ceptibility represents an effective measure of the dipo
dipole interaction for dilute solutions.

However, experiments@3# and computer simulations
@4–6# with concentrated ferrofluids reveal an essential dev
tion from the Langevin formulas. The initial susceptibilit
increases faster than expected according to linear de
dencexL;w of Eq. ~2!. It is clear that this deviation is
primarily due to the interparticle interactions. A number
theoretical models have been developed to adequately
the dipole-dipole interactions for the evaluation of the ma
netic properties. Here we present an application of the ch
formation model@7# to strongly interacting ferrofluids, wher
we look at the magnetic properties and the chain propert
We compare the predictions of the chain formation mo
with molecular dynamics simulations for a variety of te
cases.

The paper is organized as follows. First we review vario
theoretical approaches that have been developed for con
trated ferrofluids. Then we review the chain formation mod
@7#. Section IV is devoted to the simulation model used.
Sec. V we present the results and comparisons, and we e
Sec. VI with our conclusion.

II. BEYOND THE LANGEVIN MODEL

A number of theoretical models allow the evaluation
magnetic properties by taking into account the dipole-dip
interactions in various effective ways. These are differ
variants of the mean-field@8–11#, the mean-spherical@12–
14#, and the thermodynamic perturbation model@15–18#. In
the framework of the most popular mean-field model
Weiss@8,10# the dipole-dipole interactions are assumed to
©2004 The American Physical Society06-1
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equivalent to some increase in the intensity of an exte
magnetic field, with the amount of its contribution being pr
portional to the magnetizationM of the ferrofluid. The effec-
tive field acting on a single-domain particle is expressed
He5H1kM . The mean-field constant is generally assum
to be equal to the Lorentz valuek54p/3. In this caseHe
coincides with a field intensity in the spherical cavity form
by a particle in a liquid, provided that the cavity itself exe
no effect on the state of the neighboring particles. Thus,
model yields the Curie-Weiss law for the initial susceptibil
x5xL /(12kxL). The Weiss model predicts a magne
phase transition into a magneto-ordered liquid state; at
transition point the initial susceptibility becomes infinite, th
is, x→` whenxL→3/4p. But a paramagnetic to ferromag
netic second order phase transition is never observed in
idlike magnetic systems, and hence the validity of the We
mean-field theory appears to be questionable.

The mean-field Onsager model@9# is based on the as
sumption that the cavity formed by a particle in a ferroflu
influences the orientation of the magnetic moments of
neighboring particles. The initial susceptibility remains fin
for any finite temperature and concentration, but experim
tal and computer studies have shown that the Onsager m
greatly underestimates the values of the initial susceptib
of concentrated ferrofluids~as well as the dielectric constan
of polar fluids! @3,15,19–21#.

Attempts to use the mean-spherical model@13,14# and the
first order thermodynamic perturbation method@15,16#
proved far more successful. These models are appropria
describe experimental data on magnetostatic propertie
real magnetic fluids. These models yield similar results a
are valid for ferrofluids with low or moderate volume co
centrations of magnetic cores;10–12 % under the presenc
of an arbitrary valued uniform magnetic field.

The most precise description of the magnetization cur
of moderately concentrated ferrofluids is given by the
called ‘‘modified mean-field model’’@11#. This approach is
based on the assumption that the effective field acting o
ferroparticle is proportional to the Langevin magnetizati
ML , that is,He5H1(4p/3)ML :

M5ML~He!5nmL~ae!, ae5
m

kBT FH1
4p

3
ML~H !G ,

~3!

x5xLS 11
4p

3
xLD .

The resulting expressions for the initial susceptibility a
for the magnetization under saturation conditions coinc
with the predictions of the thermodynamic perturbati
model@15,16#. But the ‘‘modified mean-field model’’ gives a
more accurate description of the magnetization curves un
arbitrary applied external field strengths.

All the last mentioned models are valid in those ca
when the intensity of the interparticle dipole-dipole intera
tion does not grow much more strongly than the therm
energykBT. This means that the dipole-dipole interactio
parameterl has the order of unity or less, that isl&1. For
03120
al
-

s
d

is

e
t

u-
s

e

n-
del
y

to
of
d

s
-

a

e

er

s
-
l

dense ferrofluids with a magnetic volume concentrat
larger than 15–18 %, or ferrofluids with a large value ofl,
this is insufficient. The temperature dependencies of the
tial susceptibility of these systems show large deviatio
@3,19# between the theoretical predictions and the exp
mental data. At low temperatures the models@11,13,15# un-
derestimate the values of the initial susceptibility by 15
20 %. It is clear that this deviation is due to the dipole-dipo
interactions in concentrated magnetic fluids.

A further extension of the theory for the case of den
ferrofluids is based on second-order perturbation meth
@17,18#. Both approaches give the same expression for
initial magnetic susceptibility in the form of an expansio
like ~3!, but include the next term of the higher order ov
xL :

x5xLS 11
4p

3
xL1

~4p!2

144
xL

2D . ~4!

This expression describes well the initial susceptibil
temperature dependence for ferrofluids with a maximum
lowable magnetic volume concentration;18% @18# at low
temperatures (4px;60–80). The ferrofluid magnetizatio
is obtained in a form of a complicated series over differe
combinations of the Langevin magnetization. In Ref.@18# it
was shown that the ferrofluid magnetization should be p
sented by using the ‘‘modified mean-field approach’’~2!, and
the mean fieldHe for dense systems can be written as

He5H1
4p

3
ML~H !1

~4p!2

144
ML~H !

dML~H !

dH
, ~5!

M5nmL~ae!, ae5mHe /kBT.

This expression describes very accurately the magne
tion curves of dense ferrofluids with a saturation magneti
tion of about 80–90 kA/m and allows us to obtain th
particle size distribution with the help of a magnetogranu
metric analysis@18#.

Naturally, for low and moderately concentrated ferroflui
the expressions~3!–~5! give very close results, and devia
tions appear only for higher concentrations or for ferroflu
containing large particles.

The above theoretical models are in principle based on
assumption of homogeneous distribution of the particle
sitions. However, when the average size of the particle
large or the temperature is low, the dipole-dipole interact
energy between particles is considerably larger than the t
mal energy, i.e.,l@1. The particles can aggregate to for
clusters or chains due to the dipolar interactions. Simulati
have shown that the aggregation of the particles can stro
affect the magnetization behavior of the systems@5,6#. This
is clearly demonstrated in Fig. 1 which shows the magn
zation curves of the systems with fixed Langevin suscepti
ity 4pxL51.256. The dipolar coupling parameterl is var-
ied from 1 to 5. Correspondingly, the volume fraction of t
particles is decreased fromw50.157 to 0.031. Forl51 and
2, the simulation results agree with the theoretical pred
tions @Eqs. ~3! and ~5!# very well. But deviation occurs a
6-2
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APPLYING THE CHAIN FORMATION MODEL TO . . . PHYSICAL REVIEW E69, 031206 ~2004!
l>3 when the particles begin to aggregate with each ot
This effect is more evident at weak fields. It consequen
results in higher values of the initial susceptibilityx as
shown in Fig. 2. However, the influence of particle aggre
tions can be well considered in theoretical calculations
employing the chain formation model. In the following se
tions we will calculate the magnetic properties of differe
ferrofluid systems within this model and compare them w
simulation results.

III. THE CHAIN FORMATION MODEL

The chain formation model was developed in Ref.@7#,
assuming that the system free energyF is a functional on the
concentrationgk of chains containingk particles under the
mass balance condition:

FIG. 1. Simulational results on the equilibrium magnetization
a function of the Langevin parametera for five dipolar coupling
parametersl51, . . . ,5, at the samevalue of the Langevin param
eter 4pxL51.256. The dashed curve gives the prediction of Eq.~1!
and the solid curve gives the prediction of Eq.~3!. Note that Eq.~5!
would visually give basically the same result as Eq.~3!.

FIG. 2. Simulational results on the initial susceptibilityx as a
function of the Langevin susceptibility for five dipolar couplin
parametersl51, . . . ,5. Thedashed curve gives the prediction
Eq. ~4! and the solid curve gives the prediction of Eq.~3!.
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F5kBT(
k51

`

gklnS gkv
eZk

D , (
k51

`

gkk5w/v, ~6!

wherew stands as usual for the volume fraction of the fe
roparticles,v is the particle volume, andZk has the meaning
of a k-particle chain partition function. We restrict our mod
to account only for the magnetic interaction between
nearest neighboring particles in each chain. Accordingly,
partition function can be simply expressed as

Zk5exp@~k21!«#, ~7!

where« has the meaning of the dimensionless effective
ergy of an interparticle bond at zero magnetic field. Its va
depends on the definition of a chain. The simplest way is
use Jordan’s expression@22#

«5 lnS exp~2l!

3l3 D . ~8!

To find the minimum of the free energy functional und
the condition~6! one includes the constraint via a Lagran
multiplier m and considers the functionalF:

F@gk#5F@gk#1mS (
k51

`

gkk2
w

v D
5kBT(

k51

`

gkH lnS gkv
eZk

D1mkJ 1const. ~9!

The chain distributiongk is obtained by extremizingF@gk#

]F@gk#/]gk50⇒gk5
1

v
exp~2«!pk, k51,2,3. . . .

~10!

Here p5exp(«2m),1 is the probability of establishing a
interparticle bond. The Lagrange multiplierm ~andp as well!
is determined in the usual way by substitutinggk into the
mass balance condition~6!.

When studying the magnetic properties of the aggrega
ferrofluid we face the problem of chain orientation in a
external magnetic field. Since we do not know any relia
theoretical result that describes the ferrofluid chain format
in the presence of a magnetic field, the following procedu
are adopted.

~1! We study an intensively interacting monodisperse f
roparticle system with large couplingl53 –5. In this case
we can assume that the neighboring particle magnetic
ments in each chain are highly correlated~stifflike rotation!.
This means that the orientation of eachk-particle chain to an
external field direction is governed by a chain magnetic m
ment mchain5km, where m is the magnetic moment of a
single ferroparticle.

~2! We study only the orientation of the chains formed
the absence of an external field; hence we do not take
account any changes in the chain distribution due to an
plied field.

s

6-3
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~3! To develop an adequate model of the magnetic pr
erties of aggregated ferrofluids, one needs to take into
count the dipole-dipole interaction between all pairs of f
roparticles. Here we use the ‘‘modified mean-field mod
~3!. Since the magnetic interactions between all nea
neighboring particles in all chains are taken into acco
exactly ~6!–~8!, we have to exclude from the effective fie
He the number of these bonds, which is equal to

(
k52

`

~k21!gk5
w

v
2 (

k51

`

gk5
w

v S 12
1

^k& D .

In this way a dimensionless effective magnetic fieldae
@Eq. ~3!# acts on each chain and depends on the Lange
parametera, the Langevin susceptibilityxL , and the mean
chain lengtĥ k&:

ae5a14pxLL~a!/^k&. ~11!

What is the motivation to introduce into the model
effective fieldHe instead of an external oneH? In the lim-
iting case of no chains present one can easily get the
known expression for the free energy from the model~6!–
~10!:

F5 2
w

v
kBT ln

sinhae

ae
, ~12!

which coincides with the prediction of the ‘‘modified mea
field model.’’ We also know that the model~3! describes very
accurately the experimental and numerical data for ferro
ids containing weakly and moderately interacting ferrop
ticles (l'1 –2). If we used an external fieldH under such a
limitation, we would obtain simply the free energy of a
ideal paramagnetic gas, and this approximation is valid o
for very dilute and weakly interacting ferrofluids.

IV. SIMULATION MODEL

The molecular dynamics simulation method is similar
the Langevin dynamics implementation described in pre
ous work@5#. The ferrofluid systems are supposed to be co
posed ofN spherical particles of diameterd distributed in a
cubic simulation box of side lengthL. Each particle has a
permanent point dipole momentmi at its center. Using peri-
odic boundary conditions in all spatial directions, the dipo
dipole interaction potential between particlesi and j is given
by

Ui j
dip5 (

nPZ3
H mi•mj

ur i j 1nLu3

2
3@mi•~r i j 1nL !#@mj•~r i j 1nL !#

ur i j 1nLu5 J , ~13!

wherer i j 5r i2r j is the displacement vector of the two pa
ticles. The sum extends over all simple cubic lattice poi
n5(nx ,ny ,nz) with nx ,ny ,nz integers. In this work, we use
the Ewald summation with metallic boundary conditions
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dipolar systems to evaluate Eq.~13! effectively. This means
that the applied external magnetic field coincides exac
with the internal field. In all the simulations the root mea
square~rms! absolute errors in the dipolar forces are fixed
DFdip<1024m2/d4. The corresponding optimal values o
the Ewald parameters are then determined from the theo
ical estimates of the cutoff errors in the Ewald summat
derived in a previous paper@23#.

The short-range interactions between the particles are
resented by the purely repulsive Lennard-Jones potentia

Ui j
LJ54«F S d

r i j
D 12

2S d

r i j
D 6

2C~Rc!G , ~14!

where C(Rc)5(d/Rc)
122(d/Rc)

6 with a cutoff radius of
Rc521/6d. In this way the particles have a purely repulsi
interaction force which smoothly decays to zero atRc . The
translational and rotational Langevin equations of motion
particle i are given by@5,6#

Mi v̇i5Fi2GTvi1ji
T , ~15!

I i•v̇i5ti2GRvi1ji
R , ~16!

where Mi and I i are the mass and inertia tensors of t
particle.GT andGR are the translational and rotational fric
tion constants, respectively.ji

T andji
R are the Gaussian ran

dom force and torque. The variables can be given in dim
sionless form as lengthr * 5r /d, dipole moment m* 2

5m2/ed3, moment of inertia I * 5I /(Md2), time t*
5t(e/Md2)1/2, friction constantsGT* 5GT(d2/Me)1/2 and
GR* 5GR /(Md2e)1/2, magnetic fieldH* 5H(d3/e)1/2 as well
as temperatureT* 5kBT/e. The simulations were performe
at constant temperatureT* 51. A reduced time stepDt*
50.002 was employed in all simulations. The runs we
started from initial configurations with random particle po
tions and dipole moment orientations. For each case, the
tem was at first equilibrated for a dimensionless time of
least t* 5100. The magnetization and structural propert
were then calculated from the data for another period o
leastt* 5400, depending on the values ofl. Error bars for
the simulation results were determined by dividing the sim

FIG. 3. The average chain length^n& as a function of ferrofluid
concentrationw as predicted by the chain formation model. Th
curves 1,2,3 correspond to values ofl53,4,5, respectively.
6-4
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APPLYING THE CHAIN FORMATION MODEL TO . . . PHYSICAL REVIEW E69, 031206 ~2004!
lation runs into blocks and calculating an estimate for
standard deviation of the mean@24#.

The initial susceptibilityx is determined by the linea
magnetization responseM5xH at field strengthH→0. In
simulations the values ofx were obtained by calculating th
equilibrium magnetizationM for a series of weak fieldsH
starting from 0 and then performing a linear fitting to t
M (H) curves @5,6#. The structures formed in the system
were analyzed by employing an energy criterion. Two p
ticles are considered to be bound if their dipolar poten
energy is less than a predetermined valueUbond5
21.5lkBT. The average cluster size is defined by

Sav5K (
s

sns /(
s

nsL , ~17!

where ns is the number of clusters having sizes, and the
triangular brackets denote the time average, or, equivale
the average over the configuration space.

FIG. 4. The average chain lengthSav as a function of ferrofluid
concentrationw as obtained by the simulations for values of t
coupling parameterl51 –5.

FIG. 5. The initial susceptibility as a function of ferrofluid con
centrationw as obtained from the simulations forl53,4,5. The
solid curves 1,2,3 correspond to the predictions of the chain for
tion model for a value ofl53,4,5, respectively. The dashed cur
represents the modified mean-field model prediction for the c
l55.
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V. COMPARING THE CHAIN FORMATION MODEL

TO SIMULATIONAL DATA

We start out by computing the mean chain length a
function of the ferroparticle concentration at zero exter
field for the valuesl53,4,5 ~see Fig. 3!. It should be pointed
out that the system at these parameters is still weakly ag
gated and that the majority of ferroparticles are monome
at zero field, even forl55. However, an increase in th
magnetic field strength will have the result that the me
chain length increases. The simulational data of the syste
the same values of the parameters show qualitatively
same behavior as the chain formation theory~see Fig. 4!. It is
notable that at larger ferrofluid concentrations the simu
tions show a saturation in chain length, whereas the ch
formation model still predicts an increase in mean ch
length. However, at smaller concentrations, even the qua
tative agreement is surprisingly good in light of the seve
approximations made.

Next we look at the relative magnetization that, accord
to the definition, one can obtain as a superposition of Lan
vin functions for different chain structures:

M5
1

w (
k51

`

kgkL~aek!. ~18!

a-

se

FIG. 6. ~a! The relative magnetizationM /Msat versus Langevin
parametera as obtained from simulations at the same value of
Langevin susceptibility 4pxL51.256 for values of the dipolar cou
pling l53,4,5. The solid curve is the universal prediction from E
~5!, which depends only on the Langevin susceptibility. The ot
curves are the corresponding predictions from the chain forma
model.~b! This curve shows the same data, where for more cla
we plot (M2ML)/Msat .
6-5
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In the limiting case of no chains present this expression ta
the form~3! and describes well the magnetization curves
low and moderately concentrated ferrofluids.

Assuming the expansion of the magnetization~18! in a
weak field limit with the accuracy of terms linear ina, it is
easy to get the expression for initial magnetic susceptib
x:

4px5
4pxL

w S 11
4pxL

3w (
k51

`

gkD (
k51

`

k2gk . ~19!

Due to the presence of the last summation a small numbe
chains can greatly influence the value of initial susceptibil

The concentration dependence of the initial susceptib
~19! is presented in Fig. 5 for various values of coupli
parameterl and compared with the simulation data. F
moderate values ofl51 – 2 Eq.~19! reduces basically to the
modified mean-field result shown in Fig. 2. But for suf
ciently large coupling parameterl53 –5 the ‘‘modified
mean-field model’’ greatly underestimates the magnetic s
ceptibility ~Fig. 2!. As far as the chain model is concerned
good quantitative agreement with the simulation data is
tained for a diluted system, and with increasing particle c
centration some overestimation occurs. Naturally, this is
surprising since we overestimated the correlations in
magnetic moment orientations by assuming complete al
ment. The presence of some uncorrelated magnetic mom
orientations to the external field direction will lower the su
ceptibility.

The same approximations were used for the calculatio
the magnetization shown in Fig. 6 and compared to the si
lational data. Again we find that the chain formation mod
describes the numerical data much better than the ‘‘modi
n

J
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mean-field’’ model at large values ofl. The very good quan-
titative agreement can be particularly well seen in the low
part of Fig. 6 where for clarity we plot (M2ML)/Msat .

VI. CONCLUSION

We have presented an extension of the chain forma
model as developed in Ref.@7#. We used an approximation o
the stiff rodlike orientational chain response to a magne
field that leads to very simple and physically clear expr
sions for magnetization and initial magnetic susceptibility.
order to adequately include the dipolar interactions of
chains we applied the ‘‘modified mean-field model’’ in
straightforward way. Our model reduces for weak couplingl
to the modified mean-field model@11#, including, however,
at large coupling the effects of chain formation. When w
compare the predictions of the chain formation model to m
lecular dynamics simulations of the same model, we find t
the formation of short chains starts at a dipolar couplingl
&3. The chains appear to be very important for a be
understanding of the magnetic properties since our ch
model describes the magnetization, as well as the initial s
ceptibility, in this regime much better than the ‘‘modifie
mean-field model,’’ which is based on a homogeneous dis
bution of ferroparticles.
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